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ABSTRACT We have studied microphase separation of ABC-type triblock copolymers in the strong 
segregation limit by generalizing our previous theory for diblock copolymers. The free energy functional in 
terms of local monomer concentrations is derived via a mean field approximation and a local approximation 
for higher order coupling. In the special case where the monomer number of the A block is the same aa that 
of the C block, we calculate the critical values of the volume fraction for morphological transitions of ordered 
domains from lamellar to cylinder and from cylinder to sphere. It is emphasized that in the ABC-tpye 
copolymer, a square lattice is predicted to be more stable than a hexagonal one for cylindrical domains. The 
possibility of an ordered tricontinuous diamond structure is also examined. The results are compared with 
the recent experiments by Mataushita et al. 

1. Introduction 

Recently, statistical mechanical theory has been de- 
veloped to understand ordered phases in microphase- 
separated block copolymer melts. In particular, there are 
several theories for diblock copolymers. Helfand and co- 
workers' have studied the equilibrium state of AB-type 
block copolymers in the strong segregation limit. In order 
to obtain the microphase-separated phase, they employ 
an analogy of a Brownian particle moving in a potential 
caused by the concentration variation, which is determined 
self-consistently. Semenov2 has also studied the strong 
segregation case by an electrostatic analogy. On the other 
hand, Leibler3 has considered the weak segregation case 
by means of a density expansion method. Ohta and 
Kawasaki4p5 have emphasized the relevancy of the long 
range interaction of the concentration fluctuations in the 
strong segregation limit. The long range interaction is 
originated from the restriction of polymer chain confor- 
mation because of the chain connectivity. The critical 
block ratios of morphological changes obtained in ref 4 
are more in accord with experiments compared to other 
theories. Quite recently, further development of the theory 
has been carried out, which covers both weak and strong 
segregation limits. One is a numerical study based on a 
model similar to that in ref 4 to obtain the phase diagram.6 
On the other hand, Shul17 has employed a discretized 
version of the theory of ref 1 and calculated numerically 
the equilibrium repeat period of a lamellar structure. See 
also ref 8. Thus the theory of diblock copolymers has now 
been developed quite intensively. 

Matsushita et aL9Jo have experimentally studied mi- 
crophase separation of ABC-type triblock copolymers 
composed of poly(isoprene- b-styrene- b-2-vinylpyridine). 
They synthesized a series of samples so that the volume 
fraction of the middle block polymer, polystyrene, ranges 
from 0.3 to 0.8; while the volume fractions of the two end 
segments are equal. By transmission electron microscopy 
and X-ray scattering technique, they have observed several 
types of ordered structures. Besides the usual lamellar 
phase for fairly small volume fractions of the middle 
polymer, a tetragonal structure of cylindrical domains, a 
tricontinuous diamond structure and bcc structure of 
spherical domains are identified by changing the volume 
fraction. 
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In these experiments, there are several findings which 
are characteristic features of ABC-type triblock copoly- 
mers. First of all, cylindrical domains constitute a square 
lattice. This is different from the diblock case where a 
hexagonal lattice has been observed'' and it is confirmed 
theoreti~ally.l*~~~ However the reason as to why a tetrag- 
onal structure in ABC copolymers is more favorable can 
be understood intuitively. Cylindrical domains of A and 
C segments with equal length cannot constitute identical 
sublattices with 6-fold symmetry. The situation is anal- 
ogous to an antiferromagentic Ising model with a short 
range interaction on a hexagonal lattice where frustration 
of spin configuration occurs in the ordered phase. In the 
present problem, an A (C) domain corresponds to the spin 
up (down) state. 

Another interesting ordered phase is an ordered tri- 
continuous diamond structure. Although a diamond 
structure has been reported for AB star block12J3 and 
diblock14 copolymers and blends of AB diblock copolymer 
and a parent homopolymer,15 experiments by Matsushita 
et al.1° show that the diamond structure appears in a wider 
regime of the volume fraction compared to the case of 
diblock copolymers. 

In this paper, we generalize our theory of ref 4 to ABC- 
type triblock copolymers to study the morphological 
transitions and to compare predicted phase behavior with 
recent experimental results. The free energy functional 
for the local concentrations is derived in terms of the local 
monomer densities. The equilibrium free energy is 
calculated by means of a variational method for each 
ordered structure in the strong segregation limit. The 
theory employs two main approximations. One is a mean 
field approximation in the derivation of the free energy 
functional. This is justified since the system we consider 
is a concentrated copolymer. The other approximation 
neglects nonlocality in the higher order coupling for the 
density expansion of the free energy functional. Unfor- 
tunately, the significance of higher order corrections is 
quite difficult to estimate. We have not obtained any 
definite conclusion for the nonlocal effects in the higher 
order coupling of the diblock case.17 (It is noted here that 
what we ignore is not higher order coupling itself but the 
nonlocality that appears there.) Shull7 has shown in his 
generalized theory of ref 1, which is free from the above 
approximation, that the ratio of the equilibrium period in 
the strong segregation limit to the radius of gyration in 
the disordered state is as large as about 15% compared 
to that obtained by the truncation approximation? 
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In a recent paper, Spontak and Zielinski’6 have studied 
the microphase separation of ABC-type triblock copoly- 
mers by using a confined single-chain model. However, 
morphological transitions were not considered since they 
were concerned only with the lamellar structure as were 
other more refined theories for the diblock c a ~ e , ~ 3  As was 
mentioned above, application of our theor9 to diblock 
copolymers has predicted critical volume fractions of 
morphological transition in good agreement with exper- 
iments. The present study of triblock copolymers will 
provide another check of the theory. 

Organization of the paper is as follows. In section 2, the 
free energy functional of ABC-type triblock copolymers 
is derived. The equilibrium free energy of lamellar, 
cylindrical, and spherical structures is calculated in section 
3. We consider the diamond structure separately in section 
4. The final section (section 5 )  is devoted to discussions. 
Some details in the derivation of the free energy functional 
are described in Appendix A, while the form factor of a 
tetrapod used in section 4 is calculated approximately in 
Appendix B. 

2. Model and Free Energy Functional 

In this section, we derive the free energy of triblock 
copolymers in terms of the monomer concentrations. We 
consider a monodisperse system having n polymer chains 
with chain length N. Each chain consists of three different 
monomers, A, B, and C, where the B segment is in the 
middle of the chain. The length of the A and C segments 
is denoted by NfA and Nfc, respectively. We start with 
the model Hamiltonian for flexible chains with a short 
range interaction: 

(2.1) H{ri(d) = Hoki(7)) + Hllri(4 
where 

The position of the monomer at the contour length T of 
the ith chain is denoted by ri(7). The constant w.6 (a, /3 
= A, B, and C) denotes the interaction strength. The 
suffix in each integral symbol in eq 2.3 indicates the region 
of the integral such that 0 < 7 < NfA for A, NfA < T < N( 1 
- fc) for B, and N(1- fc) < T < N for C. Let us introduce 
the monomer densities: 

(2.4) 

Our aim in this section is to write the partition function 
Z as 

2 = Jd(ri) exp[-H(ri(~))l = Sd(p,j exp[-F{p,)I (2.5) 

We have used the unit ~ B T  = 1 where kg is the Boltzmann 
constant and Ttemperature. The method of deriving F(p,) 
is essentially the same as that for diblock  copolymer^.^ 
We describe only the outline here. The first step is to use 
the identity 

so that the partition function can be written as 

Equation 2.8 can be evaluated by the expansion in powers 
of &. Apart from an additive constant, G is obtained as 

W’{&J (2.10) 
where W’(4,) contains the higher order terms together 
with the interaction partHl(p,) and Fa5(r,r’) is the density 
correlation function of a single Gaussian chain: 

raB(r,r’) = (ija(r)ij&r’) ) o  - (ij,(r) ) o ( i j 5 ( i )  (2.11) 

The bracket ( ...)o indicates the average with respect to 
HO. 

It should be noted that the average value (ija(r))o has 
been subtracted in the correlation (2.11) in order to 
eliminate a term linear in ba in (2.10). Accordingly, 
hereafter we replace the monomer density pa by pa: - Pa 
where p a  is the spatial average of pa. 

The next step is to carry out the integral over 4, in (2.7). 
However an exact evaluation is impossible. Here we 
employ a mean field approximation. This is, we replace 
$a by its extremum 4: defined through the relation 

(2.12) 

and put 

Fb,) = GMJ2 - i Z J d r  4:pa (2.13) 

Since this is a Legendre transformation, we have another 
relation 

a 

(2.14) 

We solve (2.12) to express 4: in terms of pa. Substituting 
the result into (2.141, we can obtain F(p,) term by term. 
The final form is given by 

where Wcomesfrom W’in (2.9) and Md(r , i )  is the inverse 
matrix of r defined through the relation 

E J d r ”  Ma~(r,r”)r~8(r”,r’) = 6,&r - r’) (2.16) 

Using the formula (2.11), the matrix M can be calculated 
exactly. Some of the properties of M are summarized in 
Appendix A. 

7 



Macromolecules, Vol. 26, No. 20, 1993 

pressibility condition: 
In a real copolymer melt, we may impose the incom- 

PA@) + PB(r) + Pc(r) = 0 (2.17) 
Recall that p,(r) is a deviation around its spatial average. 
We eliminate pB(r) in the free energy (2.15) so that it 
becomes 

where J, = Jdd(2u)d with d the dimensionality of space. 
The Fourier component pa has been defined by 

P, = JdrAr) exp(iq.r) (2.19) 

The matrix M is now a 2 X 2 matrix. As in the previous 
study: we employ an interpolation formula for M since 
the q dependence is complicated. Let us put each 
component of M as 

(2.20) qfl+ A g B L q 2  + A;’-- 1 1  
n2N n 2 P  q2 

where AiB and A;’ are obtained from MiB in the limits q - and q - 0, respectively. Using the results in Appendix 
A we have 

where 
(2.21) 

1 

(2.22) 

and 

where 

(2.24) 

Substituting (2.20) into (2.18) yields the free energywritten 

F(P& = FL{P,I + Fs(Pu) (2.25) 

6 B =  
(3 - 2(fA + f c )  - CfA - f C ) 2 ) ( 1  - f A  - f C l 2  

as 

where 

In (2.261, the q = 0 component should be excluded from 
the summation. 

A remark is now in order. The long range part (2.26) 
does not reduce to that of an AC diblock copolymefi in the 
limit fB - 0. This is because the middle segment PB with 
a finite length has been eliminated to obtain (2.26). If we 
take the limit f B  - 0 in (2.151, it indeed agrees with the 
AC diblock free energy functional. 
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Hereafter we ignore the nonlocality in Wlp,). That is, 
we employ the local approximation for the higher order 
coupling in p. We assume that W{p,] has four degenerate 
deep local minima in the P A  - pc plane so that the system 
is in a strongly segregated microphase-separated state. 
The local approximation is most crude. We do not have 
any justification of it at present although the theory‘ has 
successfully predicted the morphological transitions in 
diblock copolymers. 

3. Lamellar, Cylindrical, and Spherical Domains 

3-1. Free Energy for Spatially Periodic Structures. 
Now we calculate the free energy for the microphase- 
separated states in the strong segregation limit. In the 
present system we have to consider two kinds of domains, 
A and C domains. Corresponding to the experimental 
conditions>JO hereafter we assume f A  = f c  f .  Therefore 
a periodic structure consists of two identical sublattices 
in the matrix of B domains, which we call A and C 
sublattices. We denote the center of gravity of a domain 
in the A sublattice by r = nla + n2b + ngc where nj (i = 
1-3) are any integers and a, b, and c are the primitive 
translation vectors. Suppose that the C sublattice can be 
constructed by uniform translation of the A sublattice by 
the vector e. The long range part of the free energy can 
be written as 

r 3  

where Q is the reciprocal lattice vector of the sublattice. 
* J Q )  is the form factor of an ct domain, and L is the 
linear dimension of the system. By using the translation 
vector e, *c(Q) is written as 

qC(Q) = *A(Q) exp(iQ4 (3.2) 

In the strong segregation limit, the short range part of 
the free energy is simply given by the interfacial energy 
times the total interfacial area: 

(3.3) 

where S, is the interfacial area of an a domain and Mu is 
the total number of a domains. The interfacial energy a, 
is defined here by 

(3.4) 

Note that u, in (3.4) is independent of the chain length 
N. It should also be independent of the block ratio in the 
strong segregation limite6 Here we are not interested in 
the actual value of a, since it is factorized out in the 
equilibrium free energy (3.11) and (3.12) below so that the 
critical block ratio for the morphological transitions is not 
affected by the value of the interfacial tension. In (3.3) 
we have used the assumption that f A  = fc and the 
equivalence of microscopic properties of the A and C 
monomers, such as the Kuhn statistical length, i.e., MA = 
Mc, SA = Sc, and CTA = ac. In the following, we calculate 
the free energy of the ordered structures by using (3.1) 
and (3.3). 
3-2. Lamellar Domains. In a lamellar structure, 

domains are supposed to array periodically in the x-di- 
rection with sequence such as ABCBA. We denote the 
period by 1. The width of the A and C domains are equal 
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(a) 

C A 

0.5 
0.0 0.1 0.2 0.3 0.4 0.5 

VOLUME FRACTION f 
Figure 1. Equilibrium f r e e e n e r g y E * / C o f o r l , ~ ~ n d r i c a l ,  
and spherical structures. 

to f1. The form factor of an A domain is given by 

*A(Q) = f &exp(iflQ) - 1) (3.5) 

Since e = (1/2)e, with e, the unit vector in the x direction 
and Q = 2um/l with m integers, we have 

Q.e = um (3.6) 
Substituting (3.5) and (3.6) into (3.1) yields 

(3.7) 

where po = nN/L3 and 

with Q = Ql. Note that @ is a function only off. Since 
MA = L/1, the short range part Fs, is, on the other hand, 
given by 

(3.9) 

with + = 2. This factor arises from the fact that there are 
two interfaces per domain. Minimization of F = FL + Fs 
with respect to 1 gives us the equilibrium period 1* and the 
equilibrium free energy F 

(3.10) 

where 

(3.12) 

The result (3.10) means the two-thirds power law depen- 
denceoftheequilibriumperiod. Thesameresult has been 
obtained for a diblock case4 and has been confirmed 
experimentally. In Figure 1, the free energy F* is plotted 
as a function off. 

3-3. Cylindrical Domains. Next we consider a 
cylindrical morphology of A and C domains which is 
expected to appear for smaller values off. In the case of 

- e 

C A 

0 
4 

e 
Figure2 (a) HexagonalstructureofcylindricalAandCdomains. 
(b) Tetragonal structure of cylindrical A and C domains. 

diblock copolymers, a hexagonal lattice is most favorable, 
as is observed experimentally." However, the situation 
is quite different for a triblock case, especially when the 
A and C segments have the same block length. If they 
constitute a hexagonal lattice, the suhlattice should be a 
rectangular structure and, hence, each chain has to distort 
anisotropically in.space. 

Here we examine two structures. One is a hexagonal 
lattice, and the other is a square lattice. First let us 
consider a hexagonal lattice of disk-shaped domains with 
theradiusR and withthe latticeconstant 1. The primitive 
translation vectors a and b me defined as shown in Figure 
2a. Then the reciprocal lattice vectors are given by 

Q=m,A+m,B (3.13) 

with ml and m2 integers and A = 2rra/312 and B = 2rrb/P. 
The vector e which connects the two sublattices is given 
by e = (61/2,1/2). Hence we have 

Q-e = u(ml + m,) (3.14) 

The form factor of an A domain is given by 
1 qA(Q) = -Jdr exp(i8.r) 

*A 

= @'tQ (3.15) 

where U A  = &12L, Q = QR, and Jl(x) is the Bessel 
function of first kind. In (3.15) we have used the relation 
f = x R 2 / 6 l 2 .  

The long range part of the free energy is the same as 
(3.7) if we replace 1 by R there. The f-dependent part @ 
is also the same form as (3.8) but with (3.13), (3.14), and 



Macromolecules, Vol. 26, No. 20,1993 

Figum3. (a) CsC1-typestruct~ofsphen~domains. (b) NaC1- 
type structure. (e) Wurtzite structure. The bond connected A 
(black) andC(white)domains havenomeaning. (d) fccstructure 
of A (white) and C (black) domains. 

(3.15). The short range part is given by 

(3.16) 

where i. = 2f. 
Thestructurewithatetragonalsymmetrycanbetreated 

similarly. The reciprocal lattice vectors Q are given by 
(3.13) with A = ra/P and B = rb/12, where a and b are 
defined as in Figure 2b. The ratio R/1 is given by R/1 = 
(2f / r ) ' /2 .  Other formulas (3.14) and (3.15) are unchanged 
to calculate FL. The short range part is given by (3.16) 
irrespective of the lattice symmetry. 

The lattice sum contained in 0 was evaluated numer- 
ically. It is found that the free energy for a square lattice 
is lower than that of a hexagonal lattice for f < 0.36. 
Furthermore it becomes smaller than that of a lamellar 
structure at f = 0.23, as shown in Figure 1. Thus we 
conclude that the critical block ratio fh between the 
lamellar and the cylindrical morphology is fiC = 0.23 and 
that cylindrical domains constitute a square lattice. 

We have examined more general structures by changing 
the angle Q between the vectors b and e in Figure 2a. That 
is, we have calculated the free energy for 7r/3 < 4 < r/2 
for each f. The minimum of the free energy always occurs 
at Q = r / 2  for f < 0.28. Thus the square lattice is indeed 
the most stable one. 

3-4. Spherical Domains. If one decreases the block 
ratio f further, dispersed micelles of A and C domains 
appear, which constitute a three-dimensional lattice. We 
have examined various possible structures, as shown in 
Figure 3. Parts a and b of Figure 3 were taken from ref 
18, while Figure 3c was taken from ref 19. Since the 
calculation of the free energy is essentially the same for 
these structures, we shall describe below only the case of 
a CsC1-type hcc structure in some detail. 

The form factor of a sphere with radius R is given by 

(3.17) = + 3 .  Q - Q cos Q) 

where U A  = 4rrR3/3fand Q = QR. The translation vector 
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Figum4. Equilibrium freeenergfor various threedimensional 
structures. 

e between the two sublattices is given by 

(3.18) 

where 1 is defined in Figure 3a and related to R as R/1 = 
(3f/4r)'13. The reciprocal lattice vectors Q are given by 

(3.19) 

with mi integers. Thus we have 

Q.e = r(m, i m, + m,) (3.20) 
The long range part takes the form of 

(3.21) 

where Ois given by (3.8) together with (3.17)-(3.20). The 
short range part becomes as 

with i. = 3f. Equation 3.22 is independent of the lattice 
structure. 

The results of numerical calculation are displayed in 
Figure 4. It is found that the CsC1-type structure yields 
the lowest equilibrium free energy for the whole range of 
f. This free energy is also shown in Figure 1 in comparison 
with lamellar and cylindrical cases. We note that the 
microdomain structural transition from cylinder tosphere 
occurs a t  f = f- = 0.14. 

4. Diamond Structure 
Besides theorderedstructureaconsidered in the previous 

section, a more complicated structure called a diamond 
structure has beenobservedexperimentallyinABdiblock" 
and star block'2J3 copolymers, in blendP of a diblock 
copolymer and a homopolymer, and in ABC triblock 
copolymers.gJ0 Matsushitaet al. have found that a double 
diamond structure appears over the range 0.17 < f < 0.26 
in their symmetric ABC triblock copolymers.10 

A skeleton of the A domains in the diamond structure 
is shown in Figure 5a. The unit cell of the diamond 
structureconsistsoftwosuhlatticesoffccstructure, which 
are translated with each other by the vector e = (a/4, a/4, 
a/4) with a the size of the unit cell as shown in the figure. 
Note that this vector e is different from the translation 
vector introduced in the previous section. (Actually, the 
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Figure 5. (a) Skeleton of A domains in the diamond structure. 
(b) Tetrapod whose center is on the black dots in Figure 5a. (c) 
Tetrapod whose center is on the white dots in Figure 5a. 

diamond structure of C domains which is not shown in 
Figure 5a is given by displacing A domains by the factor 
2e). Two kinds of tetrapods shown in Figures 5b,c are 
placed on each sublattice so that a continuous diamond 
structure is constructed. The nearest neighbor distance 
of the lattice points in the diamond structure is denoted 
by 1 which is related to the cell size a as 1 = &a/4. 

Now we express the long range part of the free energy 
in terms of the form factor of a tetrapod shown in Figure 
5b, which is denoted by *T(Q). The form fador of the 
other tetrapod shown in Figure 5c is simply given by its 
complex conjugate *T*(Q). The Fourier transform of PA- 
(r) is, then, given by 

*A(Q) = & s d r  pA(r) exp(i8.r) + 

l s d r  pA(r) exp(-iQ.r + iQ.e) 
2VT 

= *T(Q) + *T*(Q) exp(i8-e) (4.1) 
where UT = (8/3fi)l3 and Q is the reciprocal lattice vector 
of the fcc sublattice: Q, = (2*/a)(ml- m2 + m3), Q, = 
(2rr/a)(m1+ m2 - ms), and Q, = (Zr/a)(-m1 + m2 + ms) 
with mi (i = 1-3) integers. The integrals in the first and 
the second terms run inside the cube shown in Figures 
5b,c, respectively. The factor ‘/z appears in (4.1) since 
there are two kinds of tetrapod. The Fourier transform 
of p&) is given by 

qc(Q) = 
qT*(Q) exp(3iQ.e) (4.2) 

Substituting (4.1) and (4.2) into (3.1) gives us the long 
range part of the free energy. 

Thus, the basic task to evaluate the free energy of the 
double diamond structure is to determine the form of the 
tetrapod. However ita precise form has not been deter- 
mined experimentally. Although a minimal surface mod- 
ell3 has been applied to analyze the observed structure, it 
is unclear whether or not the form of a tetrapod actually 
follows the minimal surface condition. In the present 
treatment, we shall utilize an approximate form of the 
form factor. 

First, we calculate the surface area and the volume of 
a tetrapod. We consider jointed four cylindrical struts, as 

exp(2iQ.e) = qT(Q) exp(2iQ.e) + 

Figure 6. Cross section ofa pair of cylinders in a tetrapod. The 
figure in the bottom show a crosn section of the cylinder. 

shown, e.g., in Figure 5b. The radius of each cylinder is 
denoted by R. Theangle0 between twocylinderssatisfies 
the relations 

and is given by e = 109.47’. As shown in Figure 6, it is 
convenient to divide a tetrapod into the joint and arm 
parts. The length of a cylinder in the arm part is 1/2 -R(1 
-cot(e/2)). We introduce the functionh(p,$) whichstands 
for a “height” of the joint part. By a simple geometrical 
consideration, we obtain 

h(p,$) = R - cos $ (4.4) v5 
Thus the volume JV of the joint part is given by 

Similarly, we obtain the surface area JA of the joint part 
89 

Adding the surface area and the volume of the arm parts 
to the above results, the total area ST and the volume VT 
of a tetrapod are given, respectively, by 

ST=412 ( r r - -  3%) 2 (4.6a) 

vT = 2i3(& - dZr3) (4.6b) 

where r = R/1 > The volume fraction f is related to 
VT as f = VT/UT. In this way, the short range part of the 
free energy is given by 

where 

Next we calculate the long range part of the free energy. 
If one could calculate the form factor of the jointed 
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Figure 7. Equilibrium free energy of the diamond structure for 
R l p  = 0.6, 0.7, 0.8, 0.9, and 1.0 from top to bottom. For 
comparison, the free energies of the lamellar (a), tetragonal (b) 
and bcc structures (c) are also displayed by the broken lines. 

cylindrical struts, one would have obtained the total free 
energy without any ambiguity (apart from the question 
whether or not the tetrapod structure is well approximated 
by such struts). However, since the form factor of the 
jointed struts is quite complicated to evaluate, we here 
simplify the joint part by a sphere with radius p. Thus 
the length of a cylinder becomes 1/2 - p. The lattice 
constant 1 is determined byithe minimization of the free 
energy as for other structures discussed in the previous 
section. The radius R of the cylinder is determined for a 
given value of p by the condition that the volume fraction 
of the A domain in a unit cell is equal to f: f = VT/UT. The 
ratio Rlp is regarded as an adjustable parameter. The 
form factor of a tetrapod can be written as 

(4.8a) *dQ) = *s(Q) + c*L(Qj) 
J 

where 

and the summation in the second term in (4.8a) is taken 
for four cylinders. For a tetrapod shown in Figure 5b, the 
form factor of the cylinders is given by 

where Qjh is the component of Qj along the j th cylindrical 
axis while QjL is a two-dimensional vector perpendicular 
to Qj. The derivation of (4.8~) together with the definition 
of Qj is given in Appendix B. 

Substituting (4.8) into (4.1) and (4.2), we can calculate 
the long range part FL 

(4.9) 

where 

with Q = Qp. 
We have evaluated (4.10) numerically. The equilibrium 

free energy obtained is shown in Figure 7. By changing 
the ratio Rlp, the free energy changes rather substantially. 
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(a) @) 

0 0 
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Figure 8. (a) Experimental phase diagram. The vertical axis 
indicates the volume fraction of the middle segment, i.e.. 1 - 2f. 
OTDD means ordered tricontinuoua double diamond structure. 
(b) Theoretical phase diagram. The parameter Rlp has been 
chosen as Rlp = 0.9. 

All the lines meet a t f  = v%/lS = 0.34. This is the point 
where the arm length 1/2 - p becomes zero. Beyond this 
point, i.e., f > 0.34, the tetrapod picture breaks down in 
the present approximation. When R is close to zero, the 
free energy is larger than other structures such as lamellar 
and cylindrical ones. This means that a tetrapod with a 
small arm radius is unfavorable. On the other hand, when 
p a R, the free energy becomes smaller than those of 
lamellar and cylindrical domains. This clearly indicates 
that the diamond structure can appear in some range of 
the volume fraction. Although the present analysis with 
the adjustable parameter Rlp does not predict the precise 
value of the critical volume fraction, the results obtained 
imply that formation of a diamond structure is quite 
possible near the transition region between the lamellar 
and the cylindrical structures. 

In Figure 8, we summarize the phase diagram in the 
strong segregation for symmetric block copolymers. Figure 
8ashows the experimental results obtained by Matsushita 
et al.'O This should be compared with our theoretical 
results in Figure 8h where we have set Rlp = 0.9 for the 
diamond structure. One can see that the theory is in fair 
agreement with the experiment. 

5. Discussion 
In this paper, we have investigated microphase sepa- 

ration of symmetric ABC-type triblock copolymers. As in 
a diblock copolymer, the long range interaction between 
the concentration fluctuations appears in the free energy 
functional. It originates from the chain connectivity and 
is one of the most important properties in the strong 
segregation limit. Keeping the long range interaction only 
up to the lowest order in the density expansion, we 
calculated the equilibrium free energy of various ordered 
structures. 

We do not claim that the present result for the diamond 
structure is quantitatively correct. The long range part 
of the free energy was calculated by employing the crude 
approximation for the tetrapod form factor which contains 
one adjustable parameter. We have examined our ap- 
proximation applying to diblock copolymers. That is, we 
calculated the equilibrium free energy of the double 
diamond structure starting with the free energy functional 
given in ref 4. The results are shown in Figure 9 where 
the free energies of the lamellar, cylindrical, and spherical 
structures are also displayed. IfRlp < 0.8, the free energy 
of the double diamond structure is higher than any other 
structures. Anderson and Thomas obtained a similar 
result13 where they utilized a model of constant-mean- 
curvature surfaces for tetrapods. One difficulty in our 
theory is, however, that the free energy of the diamond 
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Figure 9. Equilibrium free energy for a diblock copolymer. The 
thick line indicates the free energy for lamellar, cylindrical 
(hexagonal), and spherical (bcc) structures. The critical block 
ratios for these structures are shown by the vertical dotted lines. 
The free energy for the double diamond structure is shown by 
thin lines for Rlp = 0.7, 0.8, 0.9, and 1.0 from top to bottom. 

structure becomes smaller than that of the lamellar one 
for Rlp > 0.9 so that the lamellar phase disappears. (For 
Rlp  = 0.8, the diamond structure can exist in the narrow 
interval between the lamellar and the cylindrical phases.) 
In the triblock case, there appears the special volume 
fraction f = 0.34, which is the upper bound for the existence 
of the diamond structure. We do not have such a point 
in the diblock copolymers for the block ratio f < ' 1 2 .  

In these circumstances, what one needs is more infor- 
mation about the shape of the tetrapod. If it is available, 
it enables us to understand the tricontinuous ordered 
structures more definitely. It would also be interesting to 
apply the constant-mean-curvature surface model to ABC 
triblock copolymers. However, we did not carry out this 
in this paper because the form factor of a tetrapod 
calculated from the minimal surface model was not given 
explicitly in ref 13. 

Despite the uncertainty for the diamond structure, we 
have the following results which are new for triblock 
copolymers: ( 1 )  The period of the ordered structure obeys 
the two-thirds power law, as in the case of diblock 
copolymers.2t4 ( 2 )  In the cylindrical morphology, a square 
lattice is most stable. (3 )  In the spherical domains, a body 
centered cubic structure has the lowest free energy among 
others studied. The result ( 1 )  is consistent with that of 
Spontak and Zielinski.ls It is emphasized here that the 
results ( 2 )  and (3)  which were predicted independently 
with the experiments are entirely consistent with those 
obtained by Matsushita et alS9 The critical volume 
fractions of the morphological transitions also exhibit 
satisfactory agreement with the experiments. 
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Appendix A 

Here we summarize the formulas associated with the 
matrix M in (2.15). The components of the inverse matrix 
r defined by (2 .11 )  can readily be obtained since those are 
the density correlations of a single Gaussian chain. After 
Fourier transform, the components are given by 

h,(x) = 2 x 2 [ a -  (a)'{l-exp(-$))] (A.2) 
q x  q x  

These two functions have the following asymptotic limits: 

(i) q2 << 1 

h,(x) = x2(  1 - $) 

(ii) q2 >> 1 

hq(x) = - 4x  g q ( x , y , z ) = 6  f o r y = o  (A.5) 
q2 fory*O 

By using these results, the elements of the 3 X 3 matrix 
are calculated for q - - and for q - 0, respectively as 

X 
1 2 

M , = L  
n2N 4fAfc(l - f A  - f c )  

(A.6) 
0 

fAfc 
B" - f A - f c )  

f A ( l  - f A  - f C )  

Mq=-  A ' x  
q2n2N3 
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As can be readily seen from Figure 10, the form factor 
of the remaining cylinders can be obtained from (4.8~) by 
rotation of Q1. That is, we introduce two matrices: 

(coso ; r e )  
R 3 =  0 

-sin 0 0 cos0 
(cos p ;in9 :) 03.4) 

R4(q) = s inp  cosp 
0 1 

The form factors WQj)  0’ = 2-4) are the same form as 
those of (4.8~) but with the arguments 

Qj = QlR4(Fti - 2)) R3 (B.5) 

Figure 10. Rotation of the cwrdinates from ( x ,  y .  1) to (x‘ ,  y‘, References and ~~t~~ 4, 

coordinate transformation from (x,y,  I) to (x’, y’, 2’) where 
the z’ axis is along the cylindrical axis of one of the arms. 
This can be achieved by two successive rotations: 

r = R$# (B.1) 
where 

0 -sin- 
1 0 0 :) 
0 cos- 2 

(B.2) 
T 

Cos - 0 4 ‘i 1 

The angle (3 is the angle between the two arms. The 
reciprocal lattice vector Q is, then, transformed as 

Qi = QWi (B.3) 
Thus the form factor of the first cylinder is given by (4.8~) 
with Qj = 61. 
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