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ABSTRACT: We have studied microphase separation of ABC-type triblock copolymers in the strong
segregation limit by generalizing our previous theory for diblock copolymers. The free energy functional in
terms of local monomer concentrations is derived via a mean field approximation and a local approximation
for higher order coupling. In the special case where the monomer number of the A block is the same as that
of the C block, we calculate the critical values of the volume fraction for morphological transitions of ordered
domains from lamellar to cylinder and from cylinder to sphere. It is emphasized that in the ABC-tpye
copolymer, a square lattice is predicted to be more stable than a hexagonal one for cylindrical domains. The
possibility of an ordered tricontinuous diamond structure is also examined. The results are compared with

the recent experiments by Matsushita et al.

1. Introduction

Recently, statistical mechanical theory has been de-
veloped to understand ordered phases in microphase-
separated block copolymer melts. Inparticular, there are
several theories for diblock copolymers. Helfand and co-
workers! have studied the equilibrium state of AB-type
block copolymers in the strong segregationlimit. Inorder
to obtain the microphase-separated phase, they employ
an analogy of a Brownian particle moving in a potential
caused by the concentration variation, which is determined
self-consistently. Semenov? has also studied the strong
segregation case by an electrostatic analogy. Onthe other
hand, Leibler? has considered the weak segregation case
by means of a density expansion method. Ohta and
Kawasaki%® have emphasized the relevancy of the long
range interaction of the concentration fluctuations in the
strong segregation limit. The long range interaction is
originated from the restriction of polymer chain confor-
mation because of the chain connectivity. The critical
block ratios of morphological changes obtained in ref 4
are more in accord with experiments compared to other
theories. Quite recently, further development ofthe theory
has been carried out, which covers both weak and strong
segregation limits. One is a numerical study based on a
model similar to that in ref 4 to obtain the phase diagram.®
On the other hand, Shull” has employed a discretized
version of the theory of ref 1 and calculated numerically
the equilibrium repeat period of a lamellar structure. See
alsoref 8. Thus the theory of diblock copolymers has now
been developed quite intensively.

Matsushita et al.>1° have experimentally studied mi-
crophase separation of ABC-type triblock copolymers
composed of poly(isoprene-b-styrene-b-2-vinylpyridine).
They synthesized a series of samples so that the volume
fraction of the middle block polymer, polystyrene, ranges
from 0.3 to 0.8; while the volume fractions of the two end
segments are equal. By transmission electron microscopy
and X-ray scattering technique, they have observed several
types of ordered structures. Besides the usual lamellar
phase for fairly small volume fractions of the middle
polymer, a tetragonal structure of cylindrical domains, a
tricontinuous diamond structure and bcc structure of
spherical domains are identified by changing the volume
fraction.

* To whom any correspondence should be addressed.
® Abstract published in Advance ACS Abstracts, September 1,
1993.

In these experiments, there are several findings which
are characteristic features of ABC-type triblock copoly-
mers. First of all, cylindrical domains constitute a square
lattice. This is different from the diblock case where a
hexagonal lattice has been observed!! and it is confirmed
theoretically.12¢ However the reason as to why a tetrag-
onal structure in ABC copolymers is more favorable can
be understood intuitively. Cylindrical domains of A and
C segments with equal length cannot constitute identical
sublattices with 6-fold symmetry. The situation is anal-
ogous to an antiferromagentic Ising model with a short
range interaction on a hexagonal lattice where frustration
of spin configuration occurs in the ordered phase. Inthe
present problem, an A (C) domain corresponds to the spin
up (down) state.

Another interesting ordered phase is an ordered tri-
continuous diamond structure. Although a diamond
structure has been reported for AB star block!213 and
diblock!4 copolymers and blends of AB diblock copolymer
and a parent homopolymer,1% experiments by Matsushita
etal.l%show that the diamond structure appears in a wider
regime of the volume fraction compared to the case of
diblock copolymers.

In this paper, we generalize our theory of ref 4 to ABC-
type triblock copolymers to study the morphological
transitions and to compare predicted phase behavior with
recent experimental results. The free energy functional
for the local concentrations is derived in terms of the local
monomer densities. The equilibrium free energy is
calculated by means of a variational method for each
ordered structure in the strong segregation limit. The
theory employs two main approximations. One is a mean
field approximation in the derivation of the free energy
functional. This is justified since the system we consider
is a concentrated copolymer. The other approximation
neglects nonlocality in the higher order coupling for the
density expansion of the free energy functional. Unfor-
tunately, the significance of higher order corrections is
quite difficult to estimate. We have not obtained any
definite conclusion for the nonlocal effects in the higher
order coupling of the diblock case.!” (It is noted here that
what we ignore is not higher order coupling itself but the
nonlocality that appears there.) Shull” has shown in his
generalized theory of ref 1, which is free from the above
approximation, that the ratio of the equilibrium period in
the strong segregation limit to the radius of gyration in
the disordered state is as large as about 15% compared
to that obtained by the truncation approximation.t
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In a recent paper, Spontak and Zielinski!6 have studied
the microphase separation of ABC-type triblock copoly-
mers by using a confined single-chain model. However,
morphological transitions were not considered since they
were concerned only with the lamellar structure as were
other more refined theories for the diblock case.”® Aswas
mentioned above, application of our theory* to diblock
copolymers has predicted critical volume fractions of
morphological transition in good agreement with exper-
iments. The present study of triblock copolymers will
provide another check of the theory.

Organization of the paper is as follows. Insection 2, the
free energy functional of ABC-type triblock copolymers
is derived. The equilibrium free energy of lamellar,
cylindrical, and spherical structuresis calculated in section
3. We consider the diamond structure separately in section
4. The final section (section 5) is devoted to discussions.
Some details in the derivation of the free energy functional
are described in Appendix A, while the form factor of a
tetrapod used in section 4 is calculated approximately in
Appendix B.

2. Model and Free Energy Functional

In this section, we derive the free energy of triblock
copolymers in terms of the monomer concentrations. We
consider a monodisperse system having n polymer chains
with chainlength N. Each chain consists of three different
monomers, A, B, and C, where the B segment is in the
middle of the chain. The length of the A and C segments
is denoted by Nfa and Nfc, respectively. We start with
the model Hamiltonian for flexible chains with a short
range interaction:

Hir(n)} = Hyfr,(n)} + Hy{r(n)} 2.1
where
18y (dl’i(‘r))2
Hyjr(mi=~ d 2.2
drir) 221 Joa\— (2.2)

Hyfr(n}= %Zwﬂz farfdrsamm-rn @3
af W

The position of the monomer at the contour length 7 of
the ith chain is denoted by ri(r). The constant w,g («, 8
= A, B, and C) denotes the interaction strength. The
suffix in each integral symbol in eq 2.3 indicates the region
of the integral such that 0 < 7 < Nfa for A, Nfa <7 <N(1
~fo) for B, and N(1 - fc) < 7 < Nfor C. Let us introduce
the monomer densities:

n

pr) = dr é(r - r;(+) 2.4)
).
Our aim in this section is to write the partition function
Z as

Z = (dfr} expl-Hiry»}l = [dip,} exp[-FipJ] (25)

We have used the unit kgT = 1 where kg is the Boltzmann
constant and Ttemperature. The method of deriving F{p.}
is essentially the same as that for diblock copolymers.*
We describe only the outline here. The first step is to use
the identity

fato [Toum - b =1 2.6)
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so that the partition function can be written as
Z= [dip,}fdio,}expl-Glgy+ifdr Y 6,00 @7
where

Glga} = Hyfog}~In [dirj expl-i [dr Y6, (005,@) -
Hyir,(n}] 2.8)
with

1
Hyp =23 [ dr w, g0, @0sr) 29
af

Equation 2.8 can be evaluated by the expansion in powers
of ¢,. Apart from an additive constant, G is obtained as

1
Gig = far [ar [Eraﬁ(r,r'm(rmﬁ(ro] +
af
Wie,} (2.10)

where W{¢,} contains the higher order terms together
with the interaction part Hy{p,} and T ,s(r,r’') is the density
correlation function of a single Gaussian chain:

Log(rx’) = (5 (B)B(F))g = (B, (X))o(s(®))g  (2.11)

The bracket (...)o indicates the average with respect to
H,.

It should be noted that the average value (5,(r))o has
been subtracted in the correlation (2.11) in order to
eliminate a term linear in ¢, in (2.10). Accordingly,
hereafter we replace the monomer density p, by p, — pa
where 5, is the spatial average of p,.

The next step is to carry out the integral over ¢, in (2.7).
However an exact evaluation is impossible. Here we
employ a mean field approximation. This is, we replace
¢, by its extremum ¢; defined through the relation

6G. = ip,(r) (2.12)
and put
Fip = Gley-iy_ fdr o0, 2.13)

Since this is a Legendre transformation, we have another
relation
oF .

S;J— = -9, 2.14)

a

We solve (2.12) to express ¢, in terms of p,. Substituting
the result into (2.14), we can obtain F{p,} term by term.
The final form is given by

1
Flp} = Zfdr [EMaﬂ(r,r,)Pa(r)Pg(l")] + Wip,d (2.15)
aff

where W comes from W’ in (2.9) and M*8(r,r’) is the inverse
matrix of T' defined through the relation

Y fdr M @)L 41 = 6,40 - 1) (216)
=
Using the formula (2.11), the matrix M can be calculated

exactly. Some of the properties of M are summarized in
Appendix A.
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In a real copolymer melt, we may impose the incom-
pressibility condition:

pA(®) + pp(X) + po(®) = 0 .17

Recall that p.(r) is a deviation around its spatial average.
We eliminate pp(r) in the free energy (2.15) so that it
becomes

1
Flp,} = Ezﬁqu:"paqu +Wht (218

where [, = (dq/(27)¢ with d the dimensionality of space.
The Fourier component pq has been defined by

pe= [ dro() expliqr) 2.19)

The matrix M is now a 2 X 2 matrix. As in the previous
study,* we employ an interpolation formula for M since
the ¢ dependence is complicated. Let us put each
component of M as

1

M+ A"s"—zll—vq2 +ap-L (2.20)

L 2 l\rs
where AS® and A® are obtained from M’ in the limits g
— o and q—0, respectlvely Using the results in Appendix
A we have

AQ‘*=Aﬂ ABC=ASA=4 A= et/
fa fe
(2.21)
where
_ 1
AsfT h (2.22)
and
v g2 fo? fo? 450 = 40A = Bt —fal-f
12 L L 7 Af——C
2
A= gL (2.23)
fe
where
6 (2.24)

T B-2a + [0 - fa-fDAA a1

Substituting (2.20) into (2.18) yields the free energy written
as

F{pa} = FL{pa} + FS{pa} (2.25)
where

Filo} = 2N 2Zf L paqpﬁ—q (2.26)

11
Fglo,} = o E; J AL ougpret Wi} 227)

n

In (2.26), the ¢ = 0 component should be excluded from
the summation.

A remark is now in order. The long range part (2.26)
does not reduce to that of an AC diblock copolymert in the
limit fg — 0. This is because the middle segment pp with
a finite length has been eliminated to obtain (2.26). If we
take the limit fg — 0 in (2.15), it indeed agrees with the
AC diblock free energy functional.
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Hereafter we ignore the nonlocality in W{p,}. That is,
we employ the local approximation for the higher order
coupling in p. We assume that W{p,} has four degenerate
deep local minima in the pa — poc plane so that the system
is in a strongly segregated microphase-separated state.
The local approximation is most crude. We do not have
any justification of it at present although the theory* has
successfully predicted the morphological transitions in
diblock copolymers.

3. Lamellar, Cylindrical, and Spherical Domains

3-1. Free Energy for Spatially Periodic Structures.
Now we calculate the free energy for the microphase-
separated states in the strong segregation limit. In the
present system we have to consider two kinds of domains,
A and C domains. Corresponding to the experimental
conditions,>1% hereafter we assume fs = fc =f. Therefore
a periodic structure consists of two identical sublattices
in the matrix of B domains, which we call A and C
sublattices. We denote the center of gravity of a domain
in the A sublattice by r = nia + nsb + nsc wheren; ¢ =
1-3) are any integers and a, b, and ¢ are the primitive
translation vectors. Suppose that the C sublattice can be
constructed by uniform translation of the A sublattice by
the vector e. The long range part of the free energy can
be written as

_ L —I—A"*"\If (QV4,(Q) 8.1
2n21\73;;Q2 Lo ? '

where Q is the reciprocal lattice vector of the sublattice.
¥,(Q) is the form factor of an « domain, and L is the
linear dimension of the system. By using the translation
vector e, ¥c(Q) is written as

V(Q) = ¥,(Q) exp(iQ-e) 3.2)

In the strong segregation limit, the short range part of
the free energy is simply given by the interfacial energy
times the total interfacial area:

Fg= —S M 3.3
HIN A AGA )
where S, is the interfacial area of an o domain and M, is
the total number of @ domains. The interfacial energy o,

is defined here by
dv,\2
af dr‘( dr) 3.4)

Note that ¢, in (3.4) is independent of the chain length
N. It should also be independent of the block ratio in the
strong segregation limit.® Here we are not interested in
the actual value of g, since it is factorized out in the
equilibrium free energy (3.11) and (3.12) below so that the
critical block ratio for the morphological transitions is not
affected by the value of the interfacial tension. In (3.3)
we have used the assumption that fy, = fc and the
equivalence of microscopic properties of the A and C
monomers, such as the Kuhn statistical length, i.e., My =
Mg, Sy = S¢, and 04 = o¢. In the following, we calculate
the free energy of the ordered structures by using (3.1)
and (3.3).

3-2, Lamellar Domains. In a lamellar structure,
domains are supposed to array periodically in the x-di-
rection with sequence such as ABCBA. We denote the
period by I. The width of the A and C domains are equal
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Figure 1. Equilibrium free energy F*/Cy for lamellar, cylindrical,

and spherical structures.
to fl. The form factor of an A domain is given by
V\(Q) = § glexpfiQ) - 1 (3.5)

Since e = (I/2)e, with e, the unit vector in the x direction
and Q = 27m/! with m integers, we have

Q-e=7m (3.6)
Substituting (3.5) and (3.6) into (3.1) yields
__1 (F_cb)
FL= o N\ N @D

where pg = nN/L? and
1 *
®= Z?ME“ + 2A7° exp(iQe)}¥,(QVL(Q) (3.8)
Q

with @ = Ql. Note that ® is a function only of f. Since
M, = L/, the short range part Fs, is, on the other hand,

given by
1 [2Ne,¥
s = N( 1 ) (3.9)

Pyt
with 4 = 2. This factor arises from the fact that there are
two interfaces per domain. Minimization of F = Fp, + Fg

with respect to [ gives us the equilibrium period I* and the
equilibrium free energy F*

o (20

3 (3.10)
F* = Cy(%°®)"/? (3.11)
where
2\1/3
_ 3 (NO’A)
C, p_onN 2 (3.12)

The result (3.10) means the two-thirds power law depen-
dence of the equilibrium period. The same result has been
obtained for a diblock case!* and has been confirmed
experimentally. In Figure 1, the free energy F* is plotted
as a function of f.

3-3. Cylindrical Domains. Next we consider a
cylindrical morphology of A and C domains which is
expected to appear for smaller values of f. In the case of
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(a)

Figure2. (a) Hexagonal structure of cylindrical A and C domains.
(b) Tetragonal structure of cylindrical A and C domains.

diblock copolymers, a hexagonal lattice is most favorable,
as is observed experimentally.!! However, the situation
is quite different for a triblock case, especially when the
A and C segments have the same block length. If they
constitute a hexagonal lattice, the sublattice should be a
rectangular structure and, hence, each chain has to distort
anisotropically in space.

Here we examine two structures. One is a hexagonal
lattice, and the other is a square lattice. First let us
consider a hexagonal lattice of disk-shaped domains with
the radius R and with the lattice constant /. The primitive
translation vectors a and b are defined as shown in Figure
2a. Then the reciprocal lattice vectors are given by

Q=mA+m,B (3.13)

with m; and m; integers and A = 27a/3[2and B = 27b/[2.
The vector e which connects the two sublattices is given
bye = (V/31/2,1/2). Hence we have

Q-e = w(m,; + my) (3.14)
The form factor of an A domain is given by
¥, (@ = L [ dr ¥,@) exp(i@1)
Ua
= ng(Q) (3.15)

where va = V3I2L, @ = QR, and Ji(x) is the Bessel
function of first kind. In (3.15) we have used the relation
f = =R*V/31%,

The long range part of the free energy is the same as
(3.7) if we replace ! by R there. The f-dependent part ®
is also the same form as (3.8) but with (3.13), (3.14), and
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Figure3. (a) CsCl-typestructure of spherical domains. (b) NaCl-
type structure. (c) Wurtzite structure. The bond connected A
(black) and C (white) domains have no meaning. (d) fcestructure
of A (white) and C (black) domains.

(3.15). The short range part is given by

a1 (2NUA~;)
87 ponN\ R

(3.16)

where ¥ = 2f.

Thestructure with a tetragonal symmetry can be treated
similarly. The reciprocal lattice vectors Q are given by
(3.13) with A = 7a/I2 and B = wb/[2, where a and b are
defined as in Figure 2b. The ratio R/l is given by R/l =
(2f/m)1/2. Other formulas (3.14) and (3.15) are unchanged
to calculate F1. The short range part is given by (3.16)
irrespective of the lattice symmetry.

The lattice sum contained in & was evaluated numer-
ically. Itis found that the free energy for a square lattice
is lower than that of a hexagonal lattice for f < 0.36.
Furthermore it becomes smaller than that of a lamellar
structure at f = 0.23, as shown in Figure 1. Thus we
conclude that the critical block ratio fi. between the
lamellar and the cylindrical morphology is fi. = 0.23 and
that cylindrical domains constitute a square lattice.

We have examined more general structures by changing
the angle ¢ between the vectors b and e in Figure 2a. That
is, we have calculated the free energy for 7/3 < ¢ < w/2
for each f. The minimum of the free energy always occurs
at ¢ = /2 for f < 0.28. Thus the square lattice is indeed
the most stable one.

3-4. Spherical Domains. If one decreases the block
ratio f further, dispersed micelles of A and C domains
appear, which constitute a three-dimensional lattice. We
have examined various possible structures, as shown in
Figure 3. Parts a and b of Figure 3 were taken from ref
18, while Figure 3¢ was taken from ref 19. Since the
calculation of the free energy is essentially the same for
these structures, we shall describe below only the case of
a CsCl-type bece structure in some detail.

The form factor of a sphere with radius R is given by

V@ = - fdr 1,0 exp(i@n)
= %ﬁa{sin Q- Qcos Q} (3.17)

where va = 47R3%/3f and Q = QR. The translation vector
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Figure 4. Equilibrium free energy for various three-dimensional
structures.

e between the two sublattices is given by

111
e= (5, > E) (3.18)
where [ is defined in Figure 3a and related to R as R/l =
(3f/47)1/3, The reciprocal lattice vectors Q are given by

Q= (2T"m1, T 2T”m3) (3.19)
with m; integers. Thus we have
Q-e = w(m; + m, + my,) (3.20)
The long range part takes the form of
__1 (@)
L= 2N\ N @21

where @ is given by (3.8) together with (3.17)-(3.20). The
short range part becomes as

1 (2N0Aw7)
Fs_ponN 7 (3.22)

with 4 = 3f. Equation 3.22 is independent of the lattice
structure.

The results of numerical calculation are displayed in
Figure 4. It is found that the CsCl-type structure yields
the lowest equilibrium free energy for the whole range of
f. This free energy is also shown in Figure 1 in comparison
with lamellar and cylindrical cases. We note that the
microdomain structural transition from cylinder to sphere
occurs at f = f = 0.14.

4. Diamond Structure

Besides the ordered structures considered in the previous
section, a more complicated structure called a diamond
structure has been observed experimentally in AB diblock!4
and star block!213 copolymers, in blends!® of a diblock
copolymer and a homopolymer, and in ABC triblock
copolymers.®1? Matsushita et al. have found that a double
diamond structure appears over the range 0.17 < f < 0.26
in their symmetric ABC triblock copolymers.1?

A skeleton of the A domains in the diamond structure
is shown in Figure 5a. The unit cell of the diamond
structure consists of two sublattices of fee structure, which
are translated with each other by the vector e = (a/4, a/4,
a/4) with a the size of the unit cell as shown in the figure.
Note that this vector e is different from the translation
vector introduced in the previous section. (Actually, the
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(b)

X X

Figure 5. (a) Skeleton of A domains in the diamond structure.
(b) Tetrapod whose center is on the black dots in Figure 5a. (c)
Tetrapod whose center is on the white dots in Figure 5a.

diamond structure of C domains which is not shown in
Figure 5a is given by displacing A domains by the factor
2e). Two kinds of tetrapods shown in Figures 5b,c are
placed on each sublattice so that a continuous diamond
structure is constructed. The nearest neighbor distance
of the lattice points in the diamond structure is denoted
by | which is related to the cell size a as | = V/3a/4.

Now we express the long range part of the free energy
in terms of the form factor of a tetrapod shown in Figure
5b, which is denoted by ¥1(Q). The form factor of the
other tetrapod shown in Figure 5c is simply given by its
complex conjugate ¥1*(Q). The Fourier transform of pa-
(r) is, then, given by

@ =5,- [dr oy(6) explQ) +

ﬁljdr pa(r) exp(—iQ-r + iQ-€)

= ¥(Q) + ¥*(Q) exp(iQ-e) 4.1)

where vr = (8/3V/3)I° and Q is the reciprocal lattice vector
of the fcc sublattice: @, = (2n/a)(my — ma + my), Gy =
(2w/a)(m1 + mga — my), and Q. = (2w/a)(-my + mg + my)
with m; (i = 1-3) integers. The integrals in the first and
the second terms run inside the cube shown in Figures
5b,c, respectively. The factor 1/; appears in (4.1) since
there are two kinds of tetrapod. The Fourier transform
of pc(r) is given by

¥ (Q) = ¥,(Q) exp(2iQ-e) = ¥1(Q) exp(2iQ-e) +
V,*(Q) exp(3iQ-e) (4.2)

Substituting (4.1) and (4.2) into (3.1) gives us the long
range part of the free energy.

Thus, the basic task to evaluate the free energy of the
double diamond structure is to determine the form of the
tetrapod. However its precise form has not been deter-
mined experimentally. Although a minimal surface mod-
el!® has been applied to analyze the observed structure, it
is unclear whether or not the form of a tetrapod actually
follows the minimal surface condition. In the present
treatment, we shall utilize an approximate form of the
form factor.

First, we calculate the surface area and the volume of
atetrapod. We consider jointed four cylindrical struts, as
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£/2

¢

Figure 6. Cross section of a pair of cylinders in a tetrapod. The
figure in the bottom shows a cross section of the cylinder.

shown, e.g., in Figure 5b. The radius of each cylinder is
denoted by R. The angle © between two cylinders satisfies
the relations

L O_ /2 o__1
sin o = '\/ 3 cos 2= 3 (4.3)

and is given by © = 109.47°. As shown in Figure 6, it is
convenient to divide a tetrapod into the joint and arm
parts. The length of a cylinder in the arm partis I/2-R(1
—cot(8/2)). Weintroduce the function h(p,$) which stands
for a “height” of the joint part. By a simple geometrical
consideration, we obtain

h(p,$) = R - L= cos ¢ (4.4)
P9 v

Thus the volume Jv of the joint part is given by

Jy=6J"dp ["°d¢ ph(p,6) = R3(7r - \/ g) (4.58)

Similarly, we obtain the surface area J4 of the joint part
as

‘/Té) (4.5b)

Adding the surface area and the volume of the arm parts
to the above results, the total area St and the volume Vrp
of a tetrapod are given, respectively, by

Jy=6R [d¢ h(R,9) = 632(1’3-’ -

0

Sp = 4l2(1rr - 32ﬁr2) (4.6a)
Vi = 288(xr? - V6rd) (4.6b)

where r = R/l > 1/2. The volume fraction f is related to
Vras f = Vp/vr. In this way, the short range part of the

free energy is given by
1 (2N6A'?)
Fg= SN\ T (4.7a)

where

Next we calculate the long range part of the free energy.
If one could calculate the form factor of the jointed
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Figure 7. Equilibrium free energy of the diamond structure for
R/p = 0.6, 0.7, 0.8, 0.9, and 1.0 from top to bottom. For
comparison, the free energies of the lamellar (a), tetragonal (b)
and becc structures (c) are also displayed by the broken lines.

cylindrical struts, one would have obtained the total free
energy without any ambiguity (apart from the question
whether or not the tetrapod structure is well approximated
by such struts). However, since the form factor of the
jointed struts is quite complicated to evaluate, we here
simplify the joint part by a sphere with radius p. Thus
the length of a cylinder becomes I/2 — p. The lattice
constant [ is determined by the minimization of the free
energy as for other structures discussed in the previous
section. The radius R of the cylinder is determined for a
given value of p by the condition that the volume fraction
of the A domain in a unit cell is equal to f: f = Vy/vr. The
ratio R/p is regarded as an adjustable parameter. The
form factor of a tetrapod can be written as

Tr(Q) = L5(Q) + ) ¥1.(Q) (4.82)
J
where

¥q(Q) = 2 Qa{s;m(pQ) pQ cos(pQ)} (4.8h)
and the summation in the second term in (4.8a) is taken
for four cylinders. For a tetrapod shown in Figure 5b, the

form factor of the cylinders is given by

1(Q; lR)— sm{Qz"i(é P)}

exp{z%(% + p)} (4.8¢)

where Q;) is the component of Q; along the jth cylindrical
axis while Q; is a two-dimensional vector perpendicular
to Q;. The derivation of (4.8¢) together with the definition
of Q; is given in Appendix B.

Substituting (4.8) into (4.1) and (4.2), we can calculate
the long range part F,

<l
Fu= 5N 4.9)

v(Q) =5 a”R

where
1
¢ = Z—Q;lm‘ﬁ“ + 2A1° exp(2iQ-e)}¥,(Q ¥, (Q) (4.10)
Q

with Q@ = Qp.

Wehave evaluated (4.10) numerically. The equilibrium
free energy obtained is shown in Figure 7. By changing
theratio R/p, the free energy changes rather substantially.
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Figure 8. (a) Experimental phase diagram. The vertical axis
indicates the volume fraction of the middle segment, i.e., 1 - 2f.
OTDD means ordered tricontinuous double diamond structure.
(b) Theoretical phase diagram. The parameter R/p has been
chosen as R/p = 0.9.

All the lines meet at f = V/37/16 ~ 0.34. This is the point
where the arm length //2 — p becomes zero. Beyond this
point, i.e., f > 0.34, the tetrapod picture breaks down in
the present approximation. When R is close to zero, the
free energy is larger than other structures such as lamellar
and cylindrical ones. This means that a tetrapod with a
small arm radius is unfavorable. On the other hand, when
p = R, the free energy becomes smaller than those of
lamellar and cylindrical domains. This clearly indicates
that the diamond structure can appear in some range of
the volume fraction. Although the present analysis with
the adjustable parameter R/p does not predict the precise
value of the critical volume fraction, the results obtained
imply that formation of a diamond structure is quite
possible near the transition region between the lamellar
and the cylindrical structures.

In Figure 8, we summarize the phase diagram in the
strong segregation for symmetric block copolymers. Figure
8ashows the experimental results obtained by Matsushita
et al.l® This should be compared with our theoretical
results in Figure 8b where we have set R/p = 0.9 for the
diamond structure. One can see that the theory is in fair
agreement with the experiment.

5. Discussion

In this paper, we have investigated microphase sepa-
ration of symmetric ABC-type triblock copolymers. Asin
a diblock copolymer, the long range interaction between
the concentration fluctuations appears in the free energy
functional. It originates from the chain connectivity and
is one of the most important properties in the strong
segregation limit. Keeping the longrangeinteractiononly
up to the lowest order in the density expansion, we
calculated the equilibrium free energy of various ordered
structures.

We do not claim that the present result for the diamond
structure is quantitatively correct. The long range part
of the free energy was calculated by employing the crude
approximation for the tetrapod form factor which contains
one adjustable parameter. We have examined our ap-
proximation applying to diblock copolymers. That is, we
calculated the equilibrium free energy of the double
diamond structure starting with the free energy functional
given in ref 4. The results are shown in Figure 9 where
the free energies of the lamellar, cylindrical, and spherical
structures are also displayed. If R/p <0.8, the free energy
of the double diamond structure is higher than any other
structures. Anderson and Thomas obtained a similar
result!® where they utilized a model of constant-mean-
curvature surfaces for tetrapods. One difficulty in our
theory is, however, that the free energy of the diamond
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Figure 9. Equilibrium free energy for a diblock copolymer. The
thick line indicates the free energy for lamellar, cylindrical
(hexagonal), and spherical (bce) structures. The critical block
ratios for these structures are shown by the vertical dotted lines.
The free energy for the double diamond structure is shown by
thin lines for R/p = 0.7, 0.8, 0.9, and 1.0 from top to bottom.

structure becomes smaller than that of the lamellar one
for R/p > 0.9 so that the lamellar phase disappears. (For
R/p = 0.8, the diamond structure can exist in the narrow
interval between the lamellar and the cylindrical phases.)
In the triblock case, there appears the special volume
fraction f = 0.34, which is the upper bound for the existence
of the diamond structure. We do not have such a point
in the diblock copolymers for the block ratio f < 1/,.

In these circumstances, what one needs is more infor-
mation about the shape of the tetrapod. If it is available,
it enables us to understand the tricontinuous ordered
structures more definitely. It would also be interesting to
apply the constant-mean-curvature surface model to ABC
triblock copolymers. However, we did not carry out this
in this paper because the form factor of a tetrapod
calculated from the minimal surface model was not given
explicitly in ref 13.

Despite the uncertainty for the diamond structure, we
have the following results which are new for triblock
copolymers: (1) The period of the ordered structure obeys
the two-thirds power law, as in the case of diblock
copolymers.4 (2) In the cylindrical morphology, asquare
lattice is most stable. (3) Inthespherical domains, a body
centered cubic structure has the lowest free energy among
others studied. The result (1) is consistent with that of
Spontak and Zielinski.!® It is emphasized here that the
results (2) and (3) which were predicted independently
with the experiments are entirely consistent with those
obtained by Matsushita et al.® The critical volume
fractions of the morphological transitions also exhibit
satisfactory agreement with the experiments.
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Appendix A

Here we summarize the formulas associated with the
matrix Min (2.15). The components of the inverse matrix
T defined by (2.11) can readily be obtained since those are
the density correlations of a single Gaussian chain. After
Fourier transform, the components are given by
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44 =n?h (Nfy)  T2P=n*h(N(L-f\-fo))

quC = nth(Nf c)
I48 = 124 = n%g (Nfy, 0, N(1 - f5 — fo))
T4€ = T3A = n%g (Nfy, N - fo—fo) fo) (AD)

IEC = 1B = n’g (N(1 - f5 - fo), 0, Nfo)
where

_oaf2 (2y 2
o =22 (F)h-en(E)] o
__4 ¢ +y) ¢y + 2)
gq(x’ ¥y, z) =- ;E[exp{— T} + exp{— —-—2———-} -

2 2
exp{— WTyM} - exp{— 9-2'!}] (A.3)

These two functions have the following asymptotic limits:

¥l
2x
hq(x) = x2(1 - g-é-—)

2
8%, ¥,2) = xz{l - M} (A4)
(i) g2>»> 1
h =2 gwyo=1g =0 @p
q 0 fory$0

By using these results, the elements of the 3 X 3 matrix
are calculated for ¢ — « and for ¢ — 0, respectively as

2
M = j__ ; X
e n2N4fAfc(1 _fA—fc)
fe-fa-fo) 0
fafe (A.6)
0 fal=fa-fo)
1 ,
M, = qznstA X
2(1 - £4) fpt+fo-3 1-fa-fc
fa? fa-fa—fo) fafe
3fatfc—3 23 -2, - 2fo) fat3fc—3
fAl=fa=fo  A-fu-f? [fcl-fa—fo)
1-fa-fc fat3fc-3 20 - fo)
fafc feQ=fa=fo) fc
(A7
where
A 6 (A.8)

- 3- 2(fA +fc) - (fA_fC)z
From (A.8) and (A.7) we obtain (2.18) with (2.20)-(2.24)
after elimination of pg.
Appendix B

In this Appendix, we derive the form factor of the arm
parts of a tetrapod. As shown in Figure 10, we need a
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Figure 10. Rotation of the coordinates from (x, ¥, 2) to (x’, ¥/,
PR

coordinate transformation from (x, y, ) to (x’,y’, 2’) where
the 2’ axis is along the cylindrical axis of one of the arms.
This can be achieved by two successive rotations:

r=RR (B.1)
where
cos 2 0 -sin 9
2 2
R,={|0 1 0
sin 9 0 cos L
2 2
(B.2)
m™ . T
cosz —-sin 1 0
Ry=]:, 7 x
2 sin 1 cos 1 0
0 0 1

The angle © is the angle between the two arms. The
reciprocal lattice vector Q is, then, transformed as

Q, = QR,R, (B.3)

Thus the form factor of the first cylinder is given by (4.8¢)
with Q; = Q1.
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As can be readily seen from Figure 10, the form factor
of the remaining cylinders can be obtained from (4.8¢c) by
rotation of @;. That is, we introduce two matrices:

cos® 0 sin©
R,={0 1 0
—-sin® 0 cos©
(B.4)

cose —sing 0
R,¢)=|sing cose 0
0 0 1

The form factors ¥1(Q;) (j = 2—4) are the same form as
those of (4.8¢) but with the arguments

Q= QR,(FG-2)R, (B.5)
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